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Thermodynamics and Phase Transitions in the
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We analyze the thermodynamics of the Overhauser model and demonstrate
rigorously the existence of a phase transition. This is achieved by extending
techniques previously developed to treat the BCS model in the quasi-spin
formulation. Additionally, we compare the thermodynamics of the quasi-spin
and full-trace BCS models. The results are identical up to a temperature
rescaling.
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1. INTRODUCTION

In two previous works'"?) we introduced a new method for calculating the
thermodynamics of the full BCS model® (ie., with nonconstant energies
and interactions) in the quasi-spin formulation.®” The method has already
found further application: it has been used to solve the full spin-boson
model.*®

In this paper we extend the method to treat the Overhauser model®

with reduced Hamiltonian”
2

k
— %
H= ) 5 ksl
k,s= +1

1 ,
- "I; Z Uk, k )a/f+q/2,+1aqu/z,f1alfuq/2,~1ak'+q/2,+1 (1.1)
ki’

where the a* are fermionic operators, k is a momentum index, ¢ is a fixed
momentum vector, and +1 indicates spin up or down. In ref. 7 a
Hamiltonian of this form was used within an algebraic framework.
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The Hamiltonian models electronic interactions in certain metals,
most notably in chromium. Below a critical temperature the interactions
give rise to coherent excitation of a spin-density wave with wave vector gq.
Experimentally, the amplitude of the spin-density wave has a temperature
dependence strikingly similar to that of the energy gap in the BCS model.
We shall see that there are indeed great mathematical similarities between
the two models. Note that the Hamiltonian is of mean-field type: although
the interaction is not homogeneous (i.e., U is not constant), it is scaled by a
factor 1/V.

In order to calculate the thermodynamics when g # 0, it is necessary to
go beyond the quasi-spin approach of refs. 1 and 2. The reason for this is
the following: in the quasi-spin approach one restricts one’s attention to
the subset of states in Fock space which have nonzero matrix elements
with the second (interaction) term of the Hamiltonian. For the H in (1.1)
this is the set of states for which all the pairs of levels {(k+g/2, +1),
(k—g/2, —1)} are singly occupied. When calculating the partition function
Z =trace exp(— fH), the trace is taken over these states only. However,
states in which the pairs are either full or empty also make a contribution.
We shall see that this contribution is significant when ¢ 0.

It turns out that when ¢ =0 the free energy calculated using the full
trace is essentially the same as that calculated in the quasi-spin for-
mulation. We demonstrate this fact for the BCS model with Hamiltonian

Hycs=Hy+ _Il/ Z Ulk, k') af y1a% 10,18 4+
k. k'
where H, is quadratic in the momentum operators. As we said before, the
two models are mathematically very similar. The physical difference lies in
the pairing of states. The BCS interaction has nonzero matrix elements
only between states for which the pairs of levels {(k, +1), (—k, —1)} (the
Cooper pairs) are either full or empty.

We now describe in more detail the methods used in this paper. The
first task is to write the model in a form we can treat by using techniques
from ref. 2. This is done by decomposing Fock space as the sum of a num-
ber of subspaces, each of which has a fixed number of pairs of levels either
full or empty. On each of these subspaces the partial trace over singly
occupied pairs is trivial to perform; the partial trace over the remaining
pairs is exactly that which occurs in the calculation of the partition
function for the BCS model in the quasi-spin formulation.

The decomposition of Fock space mentioned gives rise to a degeneracy
in which each contribution to the partition function occurs with a certain
multiplicity. These multiplicities can be used to construct a volume indexed
family of probability measures. We show that this family of measures
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satisfies a large-deviation principle.®® Roughly speaking, the theory of
large deviations allows us to obtain a variational expression for the largest
contribution to the free energy in the thermodynamic limit. Thus, this work
can be seen as making rigorous the approach in ref. 10 to treating the BCS
model.

We now summarize our previous treatment of the full BCS model.
Our method consists in partitioning the system into smaller subsystems
and approximating by Hamiltonians which are constructed from functions
of total quasi-spin operators for these subsystems. The approximating
Hamiltonians can be treated by an extension of the techniques in ref. 11.
There, a large-deviation principle was found for the measures arising from
the multiplicities of the irreducible representations in the decomposition of
the total spin operator. Berezin-Lieb inequalities'’*'* were used to obtain
upper and lower bounds for the free energy, bounds which coincided in the
thermodynamic limit.

The layout of the remainder of this paper is as follows. In Section 2 we
define the model explicity. We immediately define the approximating
Hamiltonians, and prove that the approximation becomes exact in the
thermodynamic limit (Theorem 1). We then carry out the two decom-
positions outlined above, and rewrite the free energy in terms of the
corresponding family of measures. In the Appendix we prove a large-
deviation principle for this family (Theorem 6). In combination with our
previous results on the quasi-spin BCS model (summarized in Theorem 3),
this enables us to obtain the variational principle for the free energy density
in the thermodynamic limit (Theorem 7). In Section 3 we analyze the varia-
tional problem. We have attempted to calculate the free energy, but our
results here are incomplete: we are unable to identify the phase transition
precisely. We show that there are inverse temperatures f, and f,, 0<f, <
B,< oo, such that if § < f,, then the system has the free energy density of
a free electron gas, while if §> f,, it has a different form, corresponding
to the excitation of a spin-density wave. Finally, in Section 4 we give an
outline of the application of the methods of Sections2 and 3 to the
full-trace BCS model. It turns out that the variational analysis can be
carried through completely, and gives (up to a temperature rescaling) the
same results as for the quasi-spin formulation of the model.

2. THE THERMODYNAMIC LIMIT

2.1. The Model

We consider a slightly more general model than that described in the
introduction. Let {4,:/=1,2,..} be a sequence of regions of Euclidean
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space R and denote the volume of A, by V,; we associate with the region
A, the sequence of momenta {k,(j): j=1, 2,..}, where each k,(j) is in R".
We make the assumption that the sequence of measures {u,} giving the
distribution of momentum states

1
/11(3):[_/; #1{J:k/(j)e B}

for Borel subsets B of R* converges weakly to a measure y which is
absolutely continuous with respect to Lebesgue measure. We use this
property at a technical point in the variational problem. It is satisfied by,
for example, the momentum distribution of free electrons in an increasing
sequence of cubes with reasonable boundary conditions.!'® We shall be
considering only those momenta in a cutoff region £ which is a closed,
bounded region in R’ and we assume that u(Q) < co.

With each A, we associate a one-particle Hilbert space s for the
electrons. With each k,(i) in € we associate a pair of vectors in # which
we label ¥,(j, +) and ¢,(j, —): + designates spin up or down. The set
{W,(j, £):k,(j)e R} is taken to form a complete orthonormal basis in 4.
The physical momenta of the electrons with wavefunction ¥,(j, +) and
Vi, —) are k,(j)+30g+67 ()] and k,(j)—3[q+6; ()], respectively:
this defines the quantities §7(i), and 3[d; (i)+ J; (i)] measures the
deviation of the difference of two momenta from the fixed momentum gq.
With §,=max{|[6£(j)|:k,(j/)eR} we assume that the pairing of one-
particle vectors is carried out so that

lim §,=0 (2.1)

[ - o0

Let %, be the antisymmetric Fock space over # and a*(j, +), a(j, +)
denote the creation and annihilation operators on % for the states
¥,{j, ). These satisfy the usual anticommutation relations

{a(ja #)9 a*(j’! /,l,)} = 5/«‘5#/5]',1"

The Hamiltonian for the problem H, acts on % and is given by
Ny

y 1 ’
Fi=3 % k) +3La+07 ] @'l +)ati +)

Ny 1 2
+3 3 k=3 la+ om0} U -)ati )
j=1

L ZI Uk, (i), k() a*(, +) ai, =) a*(j, =) a(f, +)  (22)

Lij=1
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where N,=V,u,(£2) is the number of pairs of electron levels and
Ue C(£2, 2) is a symmetric function. This completes the definition of the
model.

Remark. The dispersion relation k+— k? is not crucial for what
follows. The whole analysis could be carried through for dispersion
relations k — E (k) for spin s = +1, where the E, are continuous functions.

2.2. The Approximating Hamiltonians

Let f,(B) be the free energy density
f(B) ! trace BH
= — —— trace exp —
: BV, P

We shall prove that f,(f) converges as / — oo and shall obtain a variational
formula for the limit f(f). The variational problem is analyzed in Section 3.
Our method is to approximate A, by a Hamiltonian for which the method
of ref. 11 can be used. Choose L >0 such that Q= [—L, L], and for each
M e N partition [ — L, L] into M" cubes of side 2L/M. Denote these cubes
by {BM:m=1,2,., M"} and let B¥Y = B¥ ~ Q. It is convenient to define
the quantities

and

ef (i) =k, (1) - [q+67(i)]

We define the approximating Hamiltonian A by

HY = % (n%—eM) Y. a*(i +)a(, +)

ki(iye BM

+ 3 (mr-ged) 5 e -)ati o)

m=1 ki(iye BY
1 M
Ta Z UrAn{m' ( Z a*(i7 + ) a(ia _)
Vi m,m =1 ki(iye BY
x Y a*(j, —)alj, + )) (2.3)
ki(j)e BY



454 Duffield and Pulié

where

° it u(BY)=0

=14 1 1 1 |
u(BM) LM wdk) 2 <k2 + 1 q2> otherwise
0 if w(B¥)=0

em=1 1 .
u(BM) LM wdk)k -q otherwise
0 if u(B)p(B,)=0

U"Af’m, B 1 ’ ! B

w(BM) u(BM) JBMxBM u(dk) p(ak') Uk, k') otherwise

The use of this definition is made clear by the following thecorem.

Theorem 1. Let

M) = —‘BLV trace exp — fHM

1

Then lim,, , . | fY(B)— f1(B)| < O(4,) for sufficiently large I Hence
lim f;(f)=lim lim fM(fB) 24)
/- -0 M- w

when the limits on the rhs of (2.4) exist.

Proof. By the Peierls—Bogoliubov inequality,

£HB) — /(B <% |y — ) (2.5)

Therefore

| SH(B)— f1(B)]

MV
<Zuz(3nﬂf)[ sup  |e¥—ex()[+2  sup lnﬁf*mi(i)l]
m=1

ke BY, + ki(iye BY, +
MV
+ > w(BMyuBY) sup UM . —Ulk(i), k() (2.6)
mym’ =1 k(i) e By,

ki(j) e B
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By virtue of the continuity of U and of the function k+— k?
A}@w B = F1(B) < €184 ca(8,)?

for some positive constants ¢; and ¢,, and so the first statement of the
theorem follows. |

We next give a variational expression for the limiting approximate free
energy density.

Theorem 2. fY(f)=lim,_ , f¥(B) exists and is given by
SH(B)= —sup{FM(B; 1,1, 0, $):r, e [0, 11, 0 [0, n]*, p [0, 2n]*"}

2.7)
where
S t,1, 0, 6)
-3 f u(B) log[4 oxp(— Bn) cosh iy

—% fu BY)1, logcoshﬁnm—% glu(BM)J( )

b1 S B B Uyttt

s sin g;siln 9, cos(é,, —4,.)

+1 % u(BM) 1, 7,,6M cos 6, —%mguBM)t ir,) (28)
where

J(t)=tlog 1+ (1 — 1) log(1— 1) +log 2 (2.92)

1r) =301 +r)log(1+ )+ (1 — ) log(1 - )] (29)

The remainder of this section is concerned with the proof of this result.

2.3. Reduction to the Quasi-Spin Model

We introduce another Hilbert space % and a unitary map W, from %,
to #,. We choose the basis vectors in % as follows. Let
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¥.(j;1)=1eC
¥.(J, 2)=,0, +)

V. 3)=¥,0), —)

¥, (j, 4)=PW,(j, —)® ¥, (), +))

where P is the total antisymmetrization operator. Then our basis of vectors
is %, is the set of vectors

Wi(Vises V)= P (1L, v)® --- ®Y,(N}, vy)) (2.11)

(2.10)

where v,e {1,2,3,4} for jel,;={1,2,., N,}. As % we choose the space
(CH®M, Let ¢(v):v=1,2,3,4 be the vectors (1,0,0,0), (0,1,0,0),
(0,0, 1,0), and (0,0, 0, 1), respectively, in C* and define

G1(V s Vi) = (V1) ® - ® (Vi) (2.12)
The ¢, form a basis for &, and we define the unitary transformation W, by
Wb (v, V) =01(vysess V) (2.13)

For a products of two fermion operators a*(j, v) a”(j, v') the action of its
transform under W,- W ! is simple to work out (this is not the case for
single fermion operators):

0000
: . _ 0100
Wia*(j, +)a(j, +) W;'= 00 0 o0l ®ln, (2l4)
000 1/,
0000
0000
Wia*(, =)a(, =)Wii=Y o o | o | ®lns (214b)
0 0 0 17/,
0000
: . - 0000
Wa*(j, —=)a(j, +) W;'=C;= 01 0 0 ]®n (ld)
0000

J

where the j subscript indicates that the matrix operates on the jth com-



Thermodynamics in the Overhauser Model 457

ponent of the tensor product (2.12). We can write the transformed
Hamiltonian HY = W, H¥W, ! as

M e M & 1 M M
H = Z Z N1+ Z Z ESmAi-l_r’mBi

m=1 iki(iye BY m=1 ik(i)e BY
1 »

-7 Z U,’,‘q’{m, z Cck Z C; (2.15)
Lmm’ =1 itki(i) e BY Jiki(j)e BY

where the operators {4;, B;: j=1,.., N,} have the form

@1, (2.16)

S O OO
—_ o O O

J

In order to calculate f#(f) we carry out a decomposition of the space
%. For each Y < I, define the projections

000 0
010 0

P, = .

LY S@, 0010 (2.17a)
0000/,

and

100 0
000 0

Ov= & (2.17b)
iyl 0000
0001

J

and let ,,=P,,®0Q,y. In %, W;'# W, is the projection onto that
subspace comprising pairs of levels ,(j, +) and ,(j, —) which are
half-filled when jeY and either full or empty when jel\Y. One
demonstrates readily that

Z Zy=1,; [Q.y, HY]=[P,y, H']=0 (2.18)
Yel
(In fact, the last two equations hold for H, as well as H¥: the
approximation is not crucial at this stage.)
Denoting by %, the range of £ ,, we can decompose
trace exp(— BH}) over the subspaces {% ,: Y<1,}. For any Y < I,, define
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SM(Y)={ie Y:k,(i)e B¥} [so that in particular S¥(I,)= {i: k,(i)e B }].
Then

trace exp—fHY = Y trace Z ,exp(—pHY) 2,y

Ycrn
M\/
=CXP<—ﬁZ > ﬂﬁf)
m=1 ;esMp)

x Y traceexp —BH, (2.19)

Yer

where H?, is the restriction of H}Y to % y. Identifying %, , with ®/_, c?,
we can write H}Y, as

MV
H%Y=H¥®11,\y+1y®<2—2n,ﬁf Yy &5) (2.20)

m=1 iesMnY)

where

M M

— M M
H/)"/I - Z Em Jtz 15 Z ;n,m
m=1 lGSf”l(Y) Imym =1
X < Z af)( z O'j"> (2.21)
iesM(y) jesMiy)

and

#Y
g’_#=1®..-®1®a#®1®"'®16«$(® Cz) (2.22a)

i=1

#INY
&,.#:1®---®1®a#®1®---®le$< & Cz) (2.22b)

i=1

where {6%: # = +, —, z} are the usual Pauli matrices, the i indicating
that they act on the ith component of the tensor product (2.12). Using

AR1I+1®B B

trace 4, g 4, € = trace ,, e” trace 4, e

to perform the trace over the range of @, , for each 7Y,

trace exp H¥

=CXP<“ﬁ§ > n,‘n‘)

m=1 ;esMy)

MV
x Y [exp Y. log2cosh ﬁn,",{( Y 1)} trace exp — fHY
. ,

Yer m= ie SMpnT) (2.23)
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There is a degeneracy in the decomposition (2.23) over the subsets Y
of I,. Let Ni'=V,u,(BM) and denote by x the set of all M -tuples of
integers n = (n,,..., n,p) such that 0< n,, < N7. For each n in ¥, let

EM(n)={Y<I;: #SM(Y)=n,,m=1,., M’} (2.24)

Then the members of the set of Hamiltonians {H¥:YeZM(n)} are
unitarily equivalent to H*(n) defined by

HM(nzME fag—%mz U (; )(zlcr) (225)

i=1 m=1

Thus, given n in yM, the contributions to (2.23) for any Y in Z/(n) are
identical, and occur with a multiplicity

M(p)= ﬁ < m) (2.26)

Hence we can write

trace exp —HM

= % T exvt— v

nex, m=1

x exp[log 2 cosh pn (N7 — nm)]} trace exp — BH™(n) (2.27)

The traces remaining in (2.27) have been analyzed in ref. 2. HY(n) is
decomposed according to the irreducible representations of SU(2) and the
Berezin—Lieb inequalities are used to obtain upper and lower bounds for
the trace over each component. We give only a brief account here: a fuller
treatment can be found in ref. 2.

Denote by IT the irreducible unitary representation of the group SU(2)
acting in C2 and define the unitary representation I7, of SU(2) in (C*)®"
by

I(g)=1(g)® ---®1(g), geSU2) (2.28)

n times

For n>1, I, is reducible and decomposes into a direct sum

c(nJ)
o=@ @ I* (2.29)

JeAd, k=1
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where 4, = {0, 1,..,n/2} is n is even, and 4, = {1/2, 3/2,.., n/2} if n is odd,
and IT"* is a copy of the irreducible representation 177 of SU(2) acting in
C¥*! and c(n, J) is the multiplicity of that representation in the decom-
position. Define the operator 4} on (@2)®MV by

MV
M=% Mgz —— Z UM orto (2.30)
m=1

Let p, and p’ be the representatlons of the Lie algebra of SU(2)
corresponding to /7, and T/, respectively. Then for ne y¥

HY(n)=p,,® -+ @ p,, b} (2.31)
and thus
trace exp —fHY(n)= y ey, Jy) - c(fapy T ap)

JsA,,lx XA”MV

x trace exp —B{(p”'® - ® p"")hM} (2.32)
Let f4(8, -): [0, 11" — R be defined by

-1
M8, x)=W10g traceexp —B{(p”'® --- @ p™)h{}  (2.33)

if x;=2J,/N{, and by interpolation elsewhere. Then, using (2.27), (2.32),
and (2.33)

trace exp — fHM
MV

-y ¥ H[exm BN )

nex (12) xiNje Anz m=1
j=1,., MY

x exp[log 2 cosh M (N —n,,)]

x (i‘f“) e(n,,, X, N"/2) exp — BV, FM(B, x)] (2.34)

If M is the set of all M -tuples (¢, t,,..., I,p) such that ¢, =n, /NP n, =
0, 1,.., N7, we can rewrite (2.34) as

trace exp — fHY

= )3 ﬁ [exp( BN7TnM)

~M N .
e (l/2)xjN{eA,jN{: m=1
j=1,, M

x exp[log 2 cosh XNy (1 —1t,)]

x (tN]?\';m> o(t, N7, x,, N7/2) exp — BV, fM(8, x)] (235)
m*ty
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All necessary information about f# is contained in the following
theorem, which can be extracted from ref. 2.

Theorem 3.

M (1432) [, 4. 4rexp BV, £1(5,6.9)

m=1 N;'l
<exp — BV, (6, %)
MY X i
<11 (1+7V—'::,) [ a0, yexp —V.T(x 0.4) (2.36)
m=1 1/ sH
where

MV
dQ = (4m)~*" ] sin 9,, db,, 6,, dp,,

m=1

and fM(B,-), /1(B,-) are functions differing from the function f¢%(8, -):
[0, 11" — R defined by

1 MY
_fgjll(ﬁ,x)=§ Z y,(BZ)xmcos()m

m=1
1 &
t7 X B m(BY) x,x, Ul
mom =1
x sin 8, sin 8, cos(¢,,, — 4, (2.37)

by functions which converge to zero uniformly in x, 6, and ¢ as / - .

2.4. Application of the Theory of Large Deviations

In preparation for the thermodynamic limit, we introduce two families
of measures, and rewrite (2.35) in terms of them. In the Appendix we
summarize the theory of large deviations and prove a large-deviation
principle®® for these measures which will enable us to obtain a variational
formula for f¥(f)=1im,_, , fM(B).

Proposition 4. Define a probability measure L, interval [0, 1] by

LB-5 T () (238)

KeN:K/ne B

for n>1, where B is a Borel subset of [0,1]. Then the sequence of
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measures {L,:n=1,2,.} satisfies a large-deviation principle with constants
{n} and rate function J, where

J(x)=xlogx+ (1l —x)log(l —x)+log2 (2.39)

is as defined in (2.9).
Proof. The proof of this simple result is in ref. 9, Example 1.1. |

Remark. The measures {l,n=1,2,..} are the distributions of the
means {n™'S,;n=1,2,.} of Bernoulli random variables (state space
{0, 1}, probability 1/2 each). Thus, L~ is the distribution of the propor-
tion of half-filled pairs in the box B at volume V.

Proposition 5. Define a probability measure P, on the interval
[0, 1] by

P.(B) =—1; Y 2K+ 1) c(n, K) (2.40)
KeN:2K/ne B
for n= 1, where the c(n, K) are as in (2.29), B is a Borel subset of [0, 1],
and, by P,=4,, the Dirac measure with support at 1. Then the sequence
of measures {P,n=0,1,2,..} satisfies a large-deviation principle with
constants {n} and rate function

I(ry=3[(1+r)log(l+r)+ (1 —r)log{l —r)] (2.41)

as defined in (2.9).
Proof. This result is proved in ref. 11, Theorem 1. §

Remark. The simple form of the rate function (2.41) arises, roughly
speaking, because the ¢(n, K) are derived from the n-fold convolution of the
distribution of weights of the representation 7.

For future use we define the family of probability measures
{P:n=1,2,.} on [0, 1], where

P (B)=—— Y e K) (2.42)

C(n) KeN:2K/ne B

where c(n)=3 4 c(n, K).
In the Appendix we prove the following result.

Theorem 6. Define a measure M, on [0, 1] x [0, 1] by its action
on Borel rectangles:

Mn[AxB]=f d[L,,(z)j dP,(r) (2.43)
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Then the sequence of measures {M,:n=1, 2,..} satisfies a large-deviation
principle with constants {n} and rate function K(z, r)=J(z) + t/(r) with [
and J as defined in (2.9).

Using the measures L, to count the multiplicities of the decomposition
(2.23) and the measures P, to count the multiplicities of the decomposition
(2.29), we can write the free energy as follows:

MO =75 {log [ [T 2° f[m] dL (1)

x o(N7,,) j[o ! dp;m(rm)] exp—BV, f,M(tr)} (2.44)

where (¢r),,=1,,r,,- Then can use the inequalities (2.36) to write upper and
lower bounds for f#(f) in the following way:

1
——log f
BV, ([0,172 x SHM*

—/7(P)

K0, 7. 0, ) exp BV, g/ (B 1. 1, 6, )

- M cM(R.
<gplog] KNG 09)ep Vil (BiLn g (249)

where dIKM(4, 7, 6, ) =dMM(z, r)d2,(8,4) and M¥ is the product
measure

Myix - x My (2.46)

and
g/ (Bt . 0, ¢)= g/ (B, 1) — [ (1r. 6, ¢) (247a)
gt r, 0,¢)=2gl(B, )= [ (1,0, ¢) (2.47b)

where gM(f,-): [0, 1] — R is the function

g"(B, t)—% Y. wllog4exp(Bny)+(1—1,)logcosh fin)] (2.48)

Proof of Theorem 2. By Proposition 4 the sequence of measures
{Mym:l=1,2,..} satisfies a large-deviation principle with constants {N7}
and rate function I. Thus, this sequence also satisfies a large-deviation prin-
ciple with constants {#V,} and rate function ~'u(B*)I With respect to
the constants {$V/,} the measure dQ2,, considered as a constant sequence

822/54/1-2-30
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satisfies a large-deviation principle with zero rate function. By repeated
application of the large-deviation principle for product measures (ref. 11,
Appendix 1), we see that the sequence {KM:/=1,2,.} satisfies a
large-deviation principle with constants {fV,} and rate function 7"
([0,1]*x S?)M - [0, 0], where
1 &
S {( X ¢)=B 2 WBY) K(t, ) (2.49)

m=1

By Theorem 3, both the functions g}* and g}* converge uniformly on com-
pact subsets of ([0, 1]*x S?)* to g¥ — f¥, where
MY .

£ (5. t)=% Y u(B¥)[log 4 exp(fn) + (1 1,,) log cosh ] (2.50)

m=1

and so, applying Varadhan’s theorem (see the Appendix) to both sides of
the inequality (2.43), we obtain

_fM(ﬁ)z sup {gM(:B’ t)‘f(l)w(ﬂ;lra 0) ¢)_j2/[(ta r, 9’ ¢)} I

([0,12 x SHM”
(2.51)

We obtain a variational formula for f(f) by combining Theorems 1 and 2.

Theorem 7. Let 4 = {(t,r,0,4): 1,1, 0, $c L=(2, pn), 0< (k)< 1,
0<rk)<1, 0<0(k)<m, 0<@(k)<2n} and define #(f;-): 4 — R by

S Bt 1, 0,9)=K(B)+ H(B, )+ F(B, 1,1, 6, §) (252)

where

H8) = | u(ak) g 4 expl k)] cosh ()}
1 1
KB, 0=~5 fg w(dk) k) og cosh k)~ fg u(dic) J(t(k))

(B, 1,1, 6, ¢) =% J, i) e(k) ) e(h) cos Bk)

(2.53)
1
AR p(dk) t(k) I(r(k))
1
t il wldk) wldk'y Uk, k') t(k) t(k") r(k) r(k')

x sin 0(k) sin 8(k') cos[ (k) — d(k'}]
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Then f(B)=1lim,, , . f™(B) exists and is given by

f(B)=—sup{Z(B;1,r,0,0): (1,r,0,p)e.M} (2.54)

Proof. We simply remark that the functional & is a continuum
analogue of the functional & in (2.8). The proof of the theorem is very
similar to that of Theorem 3 in ref. 2, so we omit it. |

3. THE VARIATIONAL PROBLEM

The variational problem which arises in the last theorem is very
similar to that which is considered Section 3 of ref. 2. We therefore refer the
reader to that paper for the proofs and here mention only the necessary
modifications. We assume that Uk, k') >0 for all £, k' € Q.

Define the function G: RxR — R by

sinh(f/2)x 1
(cosh By + cosh(B/2)x x

1/2
> if x#0

G(x, y)= 3.1)

p 1 72 P
<§1+coshﬁy i x=0

gp(k) = G(le(k)l, n(k))
8p(k) = sup{G(x, n(k)): x > |e(k)| }

Define the linear compact operators Uy on L*(9, u) by

Let

(Upy)(k) = L u(dk’) gplk) gpk') Ulk, k) Y(k") (32)
and (7,3 by

(Ogi) (k)= L? puldk') Zp(k) &p(k") Ulk, k') Y(K') (3.3)

Let A(B)=|Ugland Z(B)=|Ty|. Let B,€(0, co] be such that A(B)<1 if
B < B, and A(B)> 1 if B> f,. Similarly, let B, e (0, o] be such that A() <1
if < B, and Z(B)>1if B> B,. Since g, > g4, we have that 1, > i, for all §,
so that B, <f,. For a>0, b>1, and y>0 let

sinh[1B(a*+ y*)'/?] y
b+ cosh[1B(a* + y*)V?] (a® + yH)'?

h(a, b; y)= (34)

Then we have the following theorem:
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Theorem 8.
1
18 =~ ] uta tog (2expL— ()

x {Cosh Brlk) + cosh-§ [2(k) + Aﬁ(k)]”z})
1 sinh 3B (k) + 45(k)]"?
+ 4 L) k) cosh Bn(k)+ cosh 1 B[ (k) + Aﬁ(k)]l/z

45(k)
X
[e*(k) + 43(k)1"*

(3.5)

where 4, depends on § as follows: if ( a) p<p,, then A5=0; if (b) B> B,
then 4, is an element of %, the set of positive solutions of the gap
equation at inverse temperature f:

Alk) = L) u(dk) Ulk, k') h(e(k’), cosh fn(k’), 4(k")) (3.6)

while if (¢) f,<B<B,, then 4,€ {0 U P}

Proof. We first change to the variables R, S, and r, where
Rk)=tk)r(k) and S(k)=tk)r(k)sinf(k). For a>0, b=1, and
0<x<<y<z<] let

g(x, y,z;a,b)= ——{zlogb+J }+ —x )1/2—%zl(§> (3.7)

Let /' ={(R,S,t): R S, teL®(8,p), 0<Sk)<R(Kk)<t(k)<1} and
define ¢: /"> R by

F RS, 1)=%+ L u(dk) g(S(k), R(k), 1(k); e(k), cosh Bn(k))

1
t3 pldk) pldk’) Uk, k') S(k) S(k') (3.8)
2xQ
Then f(B)= —sup{#(R, S,1): (R, S, t)e A"}. Now (y,z)—g(x,y, z; a, b)
is concave and its supremum is attained at (R{*?), r*?)), where R*? and
1% are the unique values of y and z in (0, 1) which satisfy

af

arctanh Y
z
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and
22—y 1

Let #={SeL*(Q, u): 0<S(k)<1} and define ¥j: Z+— R by 7,(S)=
F(R,, S, t;), where we have written R, and ¢, for R{(eoh#() and
1l eosh i) - respectively. Then f(f)= —sup{#}(S): Se £}. The proof
that the supremum is attained is very similar to that of Theorem 5 in ref. 2.
It is sufficient to note that (¢, r) > —tI(R/¢) is concave. We note here that
the absolute continuity of u with respect to Lebesgue measure is used in the
proof of Theorem 5 of ref. 2.

For 7(f) <1 we prove an analogue of Theorem 4 of ref. 2; the proof is
similar. Letting (k) = (2/f) arctanh[ R (k)/t,(k)], then from (3.9a)

cosh(B/2) y (k)

Y (k) = le(k)l, tS(k)zcosh B(k) + cosh(B12) ¥/.(k) (3.10)
Thus, the inequality
[rf(k)—sz(k)]”2<tanh§ le(k) (3.11a)
of Theorem 4 of ref. 2 is replaced by
2 2712 — sinh(f/2) Y (k) 1
LR = ST = o) comh (§12) 0,080 7.4
< le(k)| &5(k) (3.11b)

We now treat the case A(f) > 1. The Euler-Lagrange equation for the
problem is

_ lalk)l S(k) , -
O TR - SZ(k)]vz—L pldk’) Ulk, k') S(k') (3.12)
With

A(k) = S(k) |e(k)| [R*(k)— S*(k)]? (3.13)

this can be written in the form (3.6). Lemmas 2 and 3 remain essentially
unchanged, so we conclude in a manner similar to Theorem 6 of ref. 2 that
there exists a strictly positive solution of (3.6) which maximizes ¥;. We are
unable to prove that solutions of (3.6) are unique.

For A(B)<1<7(B) we deduce from Lemma2 of ref 2 that the
maximizer of ¥} is either zero or in the interior of . Since the supremum
is achieved, then in the latter case, 9, must be nonempty and contain the
maximizer. We have not been able to determine whether or not % is
empty.
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Finally, (3.5) follows by insertion of (3.6) and (3.13) into ¥.
We are unable to identify the critical temperature exactly, but the
following proposition shows that one exists.

Proposition 9. Given f, let S;, the maximizer of ¥, be strictly
positive. Then for all p'>f, the maximizer Sy of ¥, is also strictly
positive.

Proof.

Ve (Sp) —¥5(0)
= V3(Sp) —¥5(0)
=V3(Sp) — ¥3(0)

# (577 ) I, w0 | & (150 T('S)) k(0. )| a9

where the inequality is due to the fact that S, maximizes ¥;. Now S
depends on ¢ only through K, and so K(¢, R/t) is stationary at f,. Since
(t, R) —~ K(t, R/t) is convex and S; maximizes ¥, we have that

Ro(k
VplSp) — 7 (0) > (1 —ﬁi> fg u(dk)[ R, (k) — Ro(k)] arctanh to((k))

i
(3.15)

>0

Thus the maximizer of ¥} is strictly positive. [

4. APPLICATION TO THE BCS MODEL

The techniques used to treat the Overhauser model in Sections 2 and 3
can also be applied to calculate the free energy density in the full-trace BCS
model. In the quasi-spin formulation of the BCS model, traces are taken
over only those states in which the Cooper pairs are either fully occupied
or empty. We show that the results obtained in ref. 2 are (up to a rescaling
of temperature) unchanged when the trace is extended over those states in
which the Cooper pairs are singly occupied.

The Hamiltonian in (2.2) is replaced by

~ 1M
HIZE Z é(kl(l))(a*(]5 +)a(j9 +)+a*(.]7 —')a(.]s —)}
1 Ny
——*z ), k() a*(k, (i), +)

/t] 1

x a*(—k, (i), —)a(—k,(j), =) alk,(j), +) (4.1)
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where £ is a continuous function on Q. We have labeled the fermionic
operators according to the spin and momentum of the particles they create
or annihilate. Implicitly, the distribution of momenta is assumed to be
invariant under inversion through the origin of momentum space.

The reduction to the quasi-spin model is carried out with the following
choice of basis vectors [cf. (2.10)]

¥, (0, D =¥,k (5), +)

v,(j,2)=1€eC

¥, (), 3)= P, (k,()), +)® Y, (=K, ()), —))
¥, U ) =v,(=k,()), —)

The remainder of the analysis of Section 2 is identical apart from the
assignments of the functions ¢ and #. It should be noted, however, that the
origin of the ¢” terms in the quasi-spin formulation is physically different in
the two models. In the Overhauser model it is due to the energy difference
between the (k+ ¢/2, +1) and the (k—¢/2, —1) states, while for the BCS
model it is due the energy difference between the full and empty Cooper
pair states.
One finds that

(42)

f(ﬁ): _Sup{y(ﬂ’ Lt 9’ ¢) (19 r, 69 ¢)Eﬂ} (43)
where
S 0D =SB)+ AB O+ AP r0.6)  (4d)
and
1
58) =5 [ uakylog Jaexp | - 3 pite) |} (4.52)
A= =5 | wlak) J0) (4.5b)
AP, 67,0, 8) =5 [ u(ak) k) k) (k) cos 0(k)
1
- 5], ) 06) 100

1
+ 7 szg pldi) u(dk"y Uk, k') t(k) t(k') r(k) r(k')

x sin 0(k) sin 0(k’) cos[p(k) — $(k')] (4.5¢)
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Theorem 10.

1 B B
18)=5 | )| Satir-10g 2 |+ 7, (5) (46)
where f,. is the free energy density calculated® for the quasi-spin
formulation of the BCS model with energy function £ and coupling U.

Proof. We adopt the same variables R(k), S(k), and #(k) as in Sec-
tion 3. From (3.9b) with b =1 we find that the supremum over ¢ is achieved
when t(k)=t4(k), where

(k) = 4[1 + R2(k)] (47)
By direct calculation
J(tx0K)) + 15(k) I(R(E)/t k) = 21(R(K)) (438)
and so
1
10 =5 | o) | §thr 1082 |~ sup (v g R 5): (R $)e.47) (49)
where
N'={R, Se L™(Q, n):0< S(k) < R(k)< 1}
and
1
VB R S)=5 | wldk) la(k)] [RA(K) = S*(K)1"
1
bl k) k) Uk, k) S(o) SK)
2
-3 J, utak) IR (R)) (4.10)

The result then follows from Theorem 7 of ref. 2. J

Remark. The surplus constant in (4.6) arises because a trivial
constant operator was omitted from the quasi-spin Hamiltonian in ref. 2.

APPENDIX: PROOF OF THEOREM 6

In this appendix we prove Theorem 6, the large-deviation principle for
the sequence of measures {M,:n=1,2,..}. For the sake of completeness
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we first recall the results form the theory of large deviations that we shall
need.®?)

Definition. Let {K,n=12,..} be a sequence of probability
measures on the Borel subsets of a complete separable metric space £ and
{V,} a divergent sequence of positive numbers. We say that {IK,} satisfies
a large-deviation principle with constants {V,} and rate function
I E— [0, o] if the following conditions hold:

(LD1) [ is lower semicontinuous.
(LD2) For each m< o0, {x:I(x)<m} is compact.
(LD3) For each closed subset C of E
1
lim sup7 log K,(C) < — inf I(x)

n— n xeC

(LD4) For each open subset G of E

1
lim inf—V—log K,(G) = — inf I(x)

n— 0 n xelG

Varadhan's Theorem. Suppose that the sequence of probability
measures {K,} on E satisfies a large-deviation principle with constants
{V,} and rate function 7. Let {f,} be a sequence of continuous functions
f.. E— R which are uniformly bounded above, and suppose that f,
converges to f: E — R uniformly on bounded sets. Then

.1
lim - log | expl ¥, /,(x)] K,(dx) =sup {f(x) - I(x)}

n— 0

The first step in the proof is to find the cumulant generating function
for the sequence {M,:n=1,2,..}. The result is heuristically obvious.

Proposition A1. Let

1
2.(v, u) =—10g'[ dM (1, r) exp n(tv + ru), ,ueR (A1)
[o.17?

n
Then
2, u)= linio 2, (v, u)
exists, and "
v, u)= sup [vt+ur—ti(r)—J(2)] (A.2)
(,r)ef0,17?

with I and J as in (2.9).
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Proof. First consider the case u=0,

1
2,(0,0)=log f[o |, (1) exp e

Applying Varadhan’s theorem and the large-deviation principle for the
sequence {L,:n=1,2,.}, we obtain

lim 2,(v,0)= sup [vt—J(z)] (A.3)

n— 0 te[0,1]

which agrees with (A.2), since —¢I(r) has maximum value 0.
Next we take #>0. Let D,= {0, I/n, 2/n,..., (n—1)/n, 1} < [0, 1] and
for te D, define

1
Fo (1, u):;logj | APulr) exp (A4)

ro.

and extend by interpolation to the whole of [0, 1]. By convention on Py,
F,(0, u) =u, while for ¢,e D,\ {0} we have from (3.9), (3.11), and (4.12) of
ref. 11 that

-1
log cosh u+c—<—logf dP,(r) exp nur
n n [0,1]

4l 1
<logcosh u + £_+_o§£n_+_) (A.5)

where ¢* are positive constants. Replacing n by nt, u by w/t in (A.5) and
multiplying by ¢, we find

- <41 i
Flt, u)+ = < (0, u) < P, ) L& Floglntl) (A.6)
where
_ [tlogcosh(u/1), u>0, 0<r<g1
F(t,u)—{’ e im0 (A7)

Note that ¢+ F(z, u) is continuous throughout [0, 1]. Thus, writing

1
2,(v, u)==log f[o AL exp i+ F (5 1) (A8)
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we obtain

1 c”

——logf dlL(t)expn[tv+ F(t,u)] +—

n [0,1] n -
< 2,(v, u)

¢t +log(n+1)
n

1
s-logj dL (1) exp n[ 1o + F(1, u)] + (A9)
n [0,1]

Therefore, using Varadhan’s theorem, we get

Hm 2,(v, u)=9(v, u)= sup [vt+ F(t, u)—J(£)] (A.10)

n— te[0,1]

From ref. 11 it easily follows that F(z, u)=sup, o [ur —tI(r)], so that
(A.2) is proved for u> 0.

Finally, we consider #<0. For u<0, F,{z,u)<0 for all ¢ in D, and
F,(0,u)=u. Now we have to find a lower bound for F, (s, ) for u<9,
teD,\{0}. Let

1
P= — inf —logP,({0})>0
m>0 M

Given ¢>0 and 7€ D,\ {0}; then

j dP,, exp nur > Pn,<|:0, i)) exp _E (A.11)
[0,1] 2 |ul 2
and thus

Ftuy>tLlogP, (| 0,22 s (A.12)

n\® u)=z nt g nt > 2 |u| 2 .

But

11 P[0 )>110 P,.({0})=—P

m Og m >a /m g m =
Therefore

Ft,u)yz —¢ for r<g2P (A.13)
On the other hand, by Proposition 5, since ¢ < 1, there is an N, such that

F(t,uyz— inf Ir)—e= —¢ (A.14)

re (0,e/2|ul)
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if nt > N,. Thus
F(t,u)> —¢ forall teD,\{0} if n>2PNye (A.15)
and therefore

Q}’l(v’ 0)2"@}1(1], u)
1 1
>;log 7 [expr(u+e)—1]+exp n,@n(u,O)}—s

2,(v,0) if uz—c¢

1 <exp nu+e)—1
n\2" exp n2,(v, 0)

(A.16)

2,(v,0)+ )—s if u< —¢

Here we have used the inequality log x + y/(y +x)<logx+y for 0<
x+ y< x. Since ¢ is arbitrary and 2,(v, 0) > —log 2 for u <0,

im 2,(v, u)= lim 2,(v,0)

= sup [vt—J(1)]

te[0,1]

= sup {ot+ur—tl(r)—J(1)] (A17)
(t,r)e[0,1]2

since ur — I(r) has maximum value O when u<0. |
Lemma A2. K is strictly convex on [0, 1]%

Proof. We calculate the 2 x 2 Hessian matrix H of K and show that
its trace and determinant, and hence its eigenvalues, are strictly positive in

(0, 1)%. We have
(") T
H(l’ r)_<1/(r) IIH(")> (AIS)

I”, J”, and t are positive, so trace H(z, r} is also positive. The determinant
of H(t, r) is
(1 —1¢)~ "' cosh?*(arctanh r) — arctanh® r

which is positive also. |
Proof of Theorem 6. Extend K to the whole of R? by

K(t, r) if (¢, r)e[0,17?
+ o0 elsewhere

K, r)={
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One verifies that (A.2) holds but with the supremum extended over (¢, r) in
the whole of R*. Now, K is a proper convex function,'” so that K and 2
are Legendre conjugates. By Lemma A2, K is essentially strictly convex, so,
by ref. 17, Theorem 26.3, 2 is essentially smooth: in particular, it is differen-
tiable in R?. The minimum of K(z, r) is achieved at a unique point, so all
the conditions of ref 9, Theorem I1.6.1 are satisfied, from which we
conclude the statement of the theorem. |
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